Occurrence of anomalous diffusion and non-local response in
  highly-scattering acoustic periodic media by Buonocore, Salvatore et al.
Occurrence of anomalous diffusion and non-local response in highly-scattering
acoustic periodic media
Salvatore Buonocore,1 Mihir Sen,1 and Fabio Semperlotti2, ∗
1Department of Aerospace and Mechanical Engineering,
University of Notre Dame, Notre Dame, IN 46556
2Ray W. Herrick Laboratories, School of Mechanical Engineering, Purdue University, West Lafayette, IN 47907
We investigate the occurrence of anomalous diffusive transport associated with acoustic wave
fields propagating through highly-scattering periodic media. Previous studies had correlated the
occurrence of anomalous diffusion to either the random properties of the scattering medium or
to the presence of localized disorder. In this study, we show that anomalous diffusive transport
can occur also in perfectly periodic media and in the absence of disorder. The analysis of the
fundamental physical mechanism leading to this unexpected behavior is performed via a combination
of deterministic, stochastic, and fractional-order models in order to capture the different elements
contributing to this phenomenon. Results indicate that this anomalous transport can indeed occur
in perfectly periodic media when the dispersion behavior is characterized by anisotropic (partial)
bandgaps. In selected frequency ranges, the propagation of acoustic waves not only becomes diffusive
but its intensity distribution acquires a distinctive Le´vy α-stable profile having pronounced heavy-
tails. In these ranges, the acoustic transport in the medium occurs according to a hybrid transport
mechanism which is simultaneously propagating and anomalously diffusive. We show that such
behavior is well captured by a fractional diffusive transport model whose order can be obtained by
the analysis of the heavy tails.
I. Introduction
In recent years, several theoretical and experimen-
tal studies have shown that field transport processes in
non-homogeneous and complex media can occur accord-
ing to either hybrid or anomalous mechanisms. Some
examples of these physical mechanisms include anoma-
lous diffusive transport (such as non-Fourier1–3, or non-
Fickian diffusion4–7 with heavy-tailed distribution) or
hybrid wave transport (characterized by simultaneous
propagation and diffusion8–13). Simultaneous hybrid and
anomalous transport has also been observed, particularly
in wave propagation problems involving random scatter-
ing media. Electromagnetic waves traveling through a
scattering material14 such as fog15 or murky water16 are
relevant examples of practical problems where such trans-
port process can arise.
A distinctive feature of anomalous transport is the oc-
currence of heavy-tailed distributions of the representa-
tive field quantities5. In this case, the diffusion process
does not follow a classical Gaussian distribution but in-
stead is characterized by a high-probability of occurrence
of the events associated with large variance (i.e. those
described by the ”heavy” tails).
This behavior is typically not accounted for in tradi-
tional field transport theories based on integer order dif-
ferential or integral models. Purely numerical methods,
such as Monte Carlo or finite element simulations17–21,
can capture this response but are very computationally
intensive and do not provide any additional insight in
the physical mechanisms generating the macroscopic dy-
namic behavior. The ability to accurately predict the
anomalous response and to retrieve information hidden
in diffused fields remains a challenging and extremely im-
portant topic in many applications. Acoustical and opti-
cal imaging, non-intrusive monitoring of engineering and
biomedical materials are just a few examples of practical
problems in which the ability to carefully predict the field
distribution is of paramount importance to achieve accu-
rate and physically meaningful solutions. Nevertheless,
in most classical approaches, information contained in
the heavy tails is typically discarded because it cannot
be properly captured and interpreted by integer-order
transport models.
Hybrid and anomalous diffusive transport mechanisms
are pervasive also in acoustics. This type of transport
can arise when acoustic fields propagate in a highly
scattering medium such as a urban environment22,23, a
forest24,25, a stratified fluid (e.g. the ocean)26–28, or a
porous medium5,29–31.
From a general perspective, classical diffusion of wave
fields occurs within a range where the wavelength is com-
parable to the size of the scatterers, the so-called Mie
scattering regime. Any deviation from classical diffusion,
being either sub-diffusion32,33 (typically linked to An-
derson localization) or super-diffusion (typically linked
to Le´vy-flights)34,35, still arises within the same regime.
The two dominant factors are either the relation between
the transport mean free path and the wavelength, or the
statistical distributions of the scattering paths in pres-
ence of disorder. When a wave field interacts with scat-
tering elements, it undergoes a variety of physical phe-
nomena including reflection, refraction, diffraction, and
absorption that significantly alter its initial characteris-
tics. Depending on the quantity, distribution, and prop-
erties of the scatterers the momentum vector of an ini-
tially coherent wave can become quickly randomized. For
most processes, the Central Limit Theorem (CLT) guar-
antees that the distribution of macroscopic observable
quantities (e.g. the field intensity) converges to a Gaus-
sian profile in full agreement with the predictions from
classical Fourier diffusion. At the same time, the transi-
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2tion to a macroscopic diffusion behavior leads to an in-
evitable coexistence of diffusive and wave-like processes
at the meso- and macro-scales.
There are numerous physical processes in nature whose
basin of attraction is given by the normal (Gaussian) dis-
tribution. On the other hand, when the distribution of
characteristic step-length has infinite variance, the dif-
fusion process no longer follows the standard diffusion
theory, but rather acquires an anomalous behavior with
a basin of attraction given by the so-called α-stable Le´vy
distribution. In the latter case, the unbounded value
of the variance of the step-length distribution is due to
the non-negligible probability of existence of steps whose
lengths greatly differ from the mean value; these are usu-
ally denoted as Le´vy flights. The distinctive feature of
the α-stable Le´vy distributions is the occurrence of heavy
tails having a power-law decay of the form p(l) ∼ l−(α+1).
This characteristic suggests that transport phenomena
evolving according to Le´vy statistics are dominated by
infrequent but very long steps, and therefore their dy-
namics are profoundly different from those predicted by
the random (Brownian) motion. Many of the complex
hybrid transport mechanisms mentioned above fall in this
category, and therefore cannot be successfully described
in the framework of classical diffusion theory.
In addition, these complex transport mechanisms are
typically not amenable to closed-form analytical solu-
tions therefore requiring either fully numerical or sta-
tistical approaches to predict the field quantities under
various input conditions. Typical modeling approaches
rely on random walk statistical models32,36 or on semi-
empirical corrections to the fundamental diffusive trans-
port equation via renormalization theory37,38. These ap-
proaches imply a considerable computational cost and
do not provide physical insight in the operating mech-
anisms of the anomalous response. A few studies have
also indicated that, for this type of processes, the macro-
scopic governing equation describing the evolution of the
wave field intensity could be described by a generaliza-
tion of the classical diffusion equation using fractional
derivatives32,35,39.
To-date, the occurrence of anomalous diffusion of wave
fields has been connected and observed only in random
and disordered media34,36–38,40. In this study, we show
theoretical and numerical evidence that anomalous be-
havior can occur even in presence of perfectly periodic
media and in absence of disorder. We present this analy-
sis in the context of diffusive transport of acoustic waves
although the results could be generalized to other wave
fields. In particular, we investigate the specific case of
propagation of acoustic waves in a medium with identical
and periodically distributed hard scatterers. We develop
a theoretical framework for multiple scattering in super-
diffusive periodic media. We first show, by full field nu-
merical simulations, that under certain conditions, acous-
tic waves propagating through a periodic medium are
subject to anomalous diffusion. Then, we propose an
approach based on a combination of deterministic and
stochastic methodologies to explore the physical origin
of this unexpected behavior. Ultimately, we show that
fractional order models can predict, more accurately and
effectively, the resulting anomalous field quantities. More
important, we will show that the analysis of the heavy
tails provide a reliable means to extract the equivalent
fractional order of the medium.
II. Anomalous diffusion in acoustic periodic media:
overview of the method
We consider the generic problem of an acoustic bulk
medium made of periodically-distributed cylindrical hard
scatterers in air (Fig. 1). We assume a monopole-like
acoustic source, located in the center of the lattice, which
emits at a selected harmonic frequency chosen within the
scattering regime.
FIG. 1. Schematic of a 2D periodic square lattice of hard
cylindrical scatterers that will be used to show the occurrence
of anomalous hybrid propagation. A monopole-like acoustic
source is located in the center as indicated by the label S. For
the numerical simulation the acoustic medium is enclosed by
perfectly matched layers (PML) in order to eliminate reflec-
tions from the boundaries.
The main objective is to characterize the propaga-
tion of acoustic waves in such medium based on differ-
ent regimes of dispersion. As previously anticipated, in
selected regimes the propagation of acoustic waves will
exhibit anomalous diffusive transport properties. The
reminder of this study will be dedicated to investigating
the causes leading to the occurrence of such phenomenon.
In order to identify the fundamental mechanisms at the
origin of this behavior, we have designed a multi-folded
approach capable of characterizing the different processes
contributing to the macrosopic anomalous response.
The approach consists of the following components.
First, we investigate via full-field numerical simulations
the propagation of acoustic waves in either a 1D or a
2D periodic scattering medium. The numerical results
will allow making important observations on the differ-
ent propagation mechanisms occurring in the two systems
and on the corresponding diffusive processes. Then, the
3radiative transfer theory will be applied to interpret the
evolution of the wave intensity distribution and analyze
the nature of the diffusive phenomena in the context of
a renormalization approach.
In order to identify the physical mechanism at the ori-
gin of the anomalous diffusion, a multiple scattering anal-
ysis based on the multipole expansion method will be
applied in order to characterize the interaction between
different scatterers. In particular, this approach was in-
tended to identify and quantify possible long-range inter-
actions between pairs of scatterers. Based on the results
of the multiple scattering analysis, a Monte Carlo model
is used to confirm that the anomalous transport is in fact
originated by the long-range interactions between differ-
ent directions of propagation in the lattice.
Finally, we show that the behavior of the lattice can be
effectively described in a homogenized sense, by a frac-
tional continuum diffusion model whose fractional order
can be identified by fitting an α-stable distribution to
the heavy tails of the wave intensity. This approach
can be seen as an equivalent fractional homogenization
of the medium. Of particular interest is the fact that the
fractional (homogenized) model allows a closed-form an-
alytical solution the agrees very well with the numerical
predictions.
III. Scattering and diffusive transport
From a general perspective, it is possible to identify
four different wave propagation regimes in scattering me-
dia which are classified based on the relative ratio of
quantities such as the transport mean free path lt, the
wavelength of the propagating field λ, and the character-
istic size of the scattering domain L. The four regimes
are:
1. The homogenized regime: it occurs when the wave-
length of the incident wave field is much larger than
the typical characteristic size d of the scatterer,
that is λ d.
2. The diffusive regime: it occurs when the wave-
length λ satisfies the relation λ/2pi  lt  L. In
this regime the wave intensity can be approximated
by the diffusion equation.
3. The anomalously diffusive regime: it occurs when
the interference of waves causes the reduction of
the transport mean free path lt and consequently
a renormalization of the macroscopic diffusion con-
stant D. In this regime, the transport mean free
path varies according to the size of the cluster and
to the degree of disorder.
4. The localization regime: it occurs in the range
λ/2pi ≥ lt and corresponds to a diffusion constant
D tending to 0.
As mentioned in the classification above, there are
regimes in which the intensity of the wave field can be
properly described by the diffusion approximation, that is
it varies in space as prescribed by the field evolution in a
diffusion equation. In particular, when the incident wave
has a wavelength smaller than the length-scale charac-
terizing the material and/or of the geometric variations
of the physical medium, the wave field undergoes mul-
tiple scattering with a consequent randomization of its
phase and direction of propagation. In order to char-
acterize this phenomenon a statistical description based
on random walk models is typically employed. These
models rely on phenomenological quantities such as the
scattering ls and the transport lt mean free paths. From
a physical perspective, ls represents the average distance
between two successive scattering events, while lt is the
mean distance after which the wave field loses memory
of its initial direction and becomes randomized41. When
the filling factor f (which describes the density of scat-
terers) is low, ls and lt are defined as
42:
ls =
1
ρσt
(1)
lt =
ls
1− 〈cos θ〉
where σt is the total scattering cross section, 〈cos θ〉 is the
anisotropy factor and ρ is the scatterers concentration.
Note that the relations in Eq. (1) are valid only for low
filling factors, approximately in the range f ≤ 0.1. For
increased values of the filling factor, the scattering cross
section σt needs to be rescaled. The rescaling factor in
the range 0.1 ≤ f ≤ 0.6 is given by σt → σt(1− f), while
higher filling factors require a more elaborated rescaling
procedure42.
The scattering cross section plays a crucial role in the
characterization of multiple scattering phenomena and in
two dimensions takes the form:
σt =
∫
2pi
σd(θ)dθ. (2)
The integrand σd is the differential scattering cross sec-
tion defined as:
σd(θ) = lim
R→∞
R [(Ss(θ))/Si] . (3)
.
In Eq. (3), the term Ss is the scattered power flux den-
sity at a distance R from the scatterer in the direction
oˆ caused by an incident power flux density Si. The az-
imuthal angle θ is the angle between the incident (ˆi) and
the scattered wave fields (oˆ).
The scattering phase function is obtained by normal-
izing the differential scattering cross section with respect
to σt:
p(oˆ, iˆ) = p(cos θ) =
σd(θ)
σt
(4)
4FIG. 2. Schematic of a scattering event of a plane wave due
to a cylindrical object. iˆ and oˆ represent the direction of the
incident and refracted wave, respectively.
and represents the probability that a wave field impinging
on the scatterer from a given direction will be scattered
by an angle θ. The mean value of the previous probability
distribution defines the anisotropy factor :
〈cos θ〉 =
∫
2pi
p(cos θ) cos(θ)dθ. (5)
This factor varies between 0 and 1, and it accounts for
the existence of preferential scattering directions. For
〈cos θ〉 = 0 all the scattering directions have the same
probability and the scattering is isotropic. As 〈cos θ〉
approaches 1, the forward scattering becomes the most
probable event. These quantities will be used in the fol-
lowing analyses in order to identify the different scatter-
ing regimes.
IV. One-dimensional medium
Consider a one-dimensional bulk scattering medium
composed of N hard cylindrical scatterers equally dis-
tributed in an air background (Fig. 3).
FIG. 3. Schematic of the 1D periodic waveguide made of hard
cylindrical scatterers in air. A monopole-like acoustic source
is located at S. Perfectly matched layers (PML) are used to
simulate an infinite guide.
This system can be interpreted by all means as a classi-
cal 1D acoustic metamaterial. The radius of the individ-
ual scatterer is a = 0.2d, where d indicates the distance
between two neighboring cylinders. The filling fraction
for this particular cluster is f = pia2/d2 ≈ 0.1257.
The waveguide is excited by a monochromatic acous-
tic monopole S that replaces the center cylinder. The
response of the system is obtained numerically by means
of a commercial finite element software (Comsol Mul-
tiphysics) and using symmetric boundary conditions on
the top and bottom edges and perfectly matched layers
(PML) on the left and right edges. The frequency of ex-
citation is selected in the first bandgap (see Fig. 8 for
the general dispersion properties of this waveguide) and
has a non-dimensional value Ω = 0.0831. In this excita-
tion regime the diffusive behavior is expected. Remem-
ber that, in the absence of disorder or trapping mecha-
nisms and in the range of excitation frequencies where
the diffusion approximation holds, the variance of the
step-length distribution characterizing the multiple scat-
tering process of the acoustic field is expected to be finite
and, if the steps are independent (by virtue of the Cen-
tral Limit Theorem) the limit distribution should be the
Normal distribution as predicted by the standard diffu-
sion model.
The resulting normalized magnitude of the acoustic
pressure field generated in the waveguide is shown in
Fig. 4(a) in terms of a contour plot and in Fig. 4(b),(c)
in terms of the intensity profile along the mid-line of the
waveguide as defined later in §VI. From Fig. 4(b),(c) a
characteristic exponential decay of the type e−x/ls (con-
sistent with the Beer-Lambert law) is very well identifi-
able. This trend represents the decay of the coherent part
of the intensity and corresponds to the squared absolute
value of the Green’s function solution. In more general
terms, this result shows a solution which is perfectly con-
sistent with the classical diffusion behavior. This is a well
expected result and it is reported here only for compari-
son with the results that will be presented below.
FIG. 4. Numerical predictions of the acoustic intensity in a 1D
waveguide with hard scatterers in air subject to a monochro-
matic monopole excitation. Note that, due to the symme-
try of the solution, only the right section of the waveguide
is shown. (a) Contour plot of the normalized magnitude of
the pressure distribution. (b) Exponential fit of the acoustic
intensity in (b) semilogarithmic and (c) logarithmic scales.
The trend is well consistent with the expected linear decay
predicted by the classical diffusion theory.
5V. Two-dimensional medium
A. Radial lattice
The immediate extension of the previous scenario to
a two-dimensional system corresponds to a radial dis-
tribution of equally distributed hard scatterers. As in
the 1D case, the system is excited by a monochromatic
monopole source located in the center of the 2D lattice at
point S. The source is monochromatic and it is actuated
at the non-dimensional frequency Ω = 0.0831, that be-
longs to the first bandgap. The normalized magnitude of
the acoustic pressure field for this system is numerically
calculated and shown in Fig. 6(a). Fig. 6(b) provides
a closeup view of the field around the source (the area
within the black dashed line).
FIG. 5. Schematic of the 2D radial distribution of equally
spaced hard cylindrical scatterers in air. The medium is ex-
cited by a monopole-like acoustic source located at S. Per-
fectly matched layers (PML) are used all around the bound-
ary.
The acoustic intensity profile along the x-axis direc-
tion shows an exponential decay as illustrated by Fig. 7.
All radial directions (not shown) exhibit an identical re-
sponse as expected due the azimuthal symmetry of the
system.
As in the 1D case, this linear decay of the intensity
distribution was expected and confirms that, in systems
with a high degree of symmetry, a classical diffusion be-
havior should be recovered. From a practical perspective,
this radial lattice could be seen as a radial arrangement
of 1D waveguides.
B. Rectangular lattice
The dynamic behavior of the lattice changes quite
drastically when the axial-symmetry is removed. Con-
sider the square lattice of scatterers schematically illus-
trated in Fig. 1. Assume each scatterer having an individ-
ual radius of a = 0.2d, where d is the distance between
FIG. 6. (a) Top view of the radial lattice and of the corre-
sponding normalized magnitude of the pressure distribution
generated by a monopole source located in the center. (b)
zoom-in of the field in the dashed black box.
FIG. 7. Exponential fit in (a) semilogarithmic and (b) loga-
rithmic scales of the acoustic intensity of a radial distribution
of scatterers excited by a monopole point source.
two neighboring cylinders. The filling fraction for this
periodic cluster is f = pia2/d2 ≈ 0.1257.
1. Dispersion analysis
In order to understand the dynamic behavior of this
lattice and interpret the results that will follow, we start
analyzing the fundamental dispersion structure of the
square lattice. The dispersion was calculated using fi-
nite element analysis and the band structure is plotted
along the irreducible part of the first Brillouin zone, as
shown in Fig. 8.
The results highlight the existence of anisotropy in
terms of directions of propagation. These directions are
connected to the existence of a partial bandgap in the
Γ − X direction between the non-dimensional frequen-
cies Ω = 0.0824 and Ω = 0.1103. When the system is
excited at a frequency within the bandgap, the propa-
gation acquires an anisotropic distribution (see § V B 2
and Fig. 9), because propagation can only occur in the
Γ −M direction. This is not an unexpected result and,
6in fact, it is fully consistent with the propagation behav-
ior expected in square periodic lattice. However, we will
show that these dispersion characteristics play a key role
in the occurrence of anomalous behavior.
FIG. 8. Dispersion band structure for the square lattice of
hard cylinders in air. The gray box indicates the partial
bandgap in the Γ−X direction.
2. Forced response
The forced response of the lattice was also numeri-
cally evaluated. In this case, the lattice is excited by
a monochromatic acoustic monopole S that replaces the
center cylinder. As for the previous two lattices, the to-
tal acoustic pressure field is calculated numerically using
the finite element method and reported in Fig. 9. More
specifically, Fig. 9(a) presents the response to an exci-
tation outside the first bandgap, while Fig. 9(b) reports
the case just inside the first bandgap. Note that due to
symmetry considerations, only a quarter of the domain
was solved.
As the acoustic wave fronts propagate through the
medium in the radial directions and interact with the
scattering particles, the rays are scattered in multiple di-
rections. In both cases it is evident that the propagation
is strongly anisotropic and occurs mostly along the diag-
onal directions of the lattice.
The response of the medium is shown in Fig. 9 in terms
of the normalized magnitude of the acoustic pressure dis-
tribution. Contrarily to what observed for the radial lat-
tice, in this case the intensity distribution does not decay
linearly. This behavior is very evident by performing a
numerical fit of the simulation data, as shown in Fig. 10.
These results suggest the occurrence of an unexpected
mechanism of diffusion despite the lattice periodicity.
This is a remarkable departure compared with avail-
able results in the literature that, to-date, have high-
lighted the occurrence of anomalous diffusion only in con-
nection with random distributions of geometric or mate-
FIG. 9. Normalized magnitude of the pressure distribution
corresponding to (a) a pass-wavelength λ/d = 2.3352 and (b)
to a gap wavelength λ/d = 2.1552.
FIG. 10. Exponential fit of the intensity of the pressure field
for a periodic lattice of scatterers excited by a monopole point
source in (a) semilogarithmic and (b) logarithmic scales.
rial properties.
VI. Radiative transport approach
The results presented above illustrated that in case of
anisotropic propagation a departure from the classical
diffusive behavior is observed. In this section, we use
a traditional radiative transport approach with renor-
malization to show that this observed behavior can be
mapped to anomalous diffusion.
We investigate the presence of anomalous diffusion for
wavelength ranges in the passband and in the bandgap.
As already pointed out, within the regime λ/2pi < lt < L
the diffusion approximation applies and the spatial evolu-
tion of the wave amplitude can be predicted by a diffusion
equation for the wave intensity.
Starting from a cluster of particles, as schematically
illustrated in Fig. 11, and applying the diffusion approxi-
mation the 2D diffusion equation for harmonic excitation
and lossless scatterers is given by:
∇2I = − P0
pilt
δ(~r − ~rs) (6)
where I is the intensity of the acoustic wavefield, P0 is
the total emitted acoustic power, ~r and ~rs are the po-
7FIG. 11. Schematic of a cluster of cylindrical hard scatterers
used to calculate the radiative transport solution. ~rs and ~r
represent the position vector of the source S and of a generic
point P , respectively.
sition vectors of the source S and of a generic point
P , respectively. The average acoustic intensity of a
monochromatic monopole source can be obtained as
〈I〉 = ||0.5 ∗ Re(p · v′)||, where p is the pressure field,
and v′ is the complex conjugate of the velocity field. The
diffusion equation Eq. (6) requires the following bound-
ary conditions at the edge of the domain to be solved:
I(rs)− pilt
4
∂
∂n
I(rs) = 0 (7)
where nˆ is the unit inward normal. These boundary con-
ditions are obtained by the requirement of zero inward
flux at the boundaries42. The numerical value of this
boundary condition on the intensity was obtained by the
previous finite element model.
By enforcing this boundary condition, Eq. (6) can be
solved analytically:
I = − P0
2pi2lt
ln
|~r − ~rs|
L
+ I0 (8)
where I0 is the value of the intensity at the boundary of
the cluster of scatterers and L is the size of the compu-
tational domain.
In order to be able to solve Eq. (8), we need to esti-
mate the parameters lt and ls and characterize the spe-
cific regime of propagation. To achieve this result, we
first plot 〈ls〉 and 〈lt〉 versus the wavelength λ as shown
in Fig. 12. These curves were numerically determined
using the model presented in §V B and the Eqs. (1).
The transport mean free path 〈lt〉 is always expected
to be greater than 〈ls〉 and to converge asymptotically to
〈ls〉 for large wavelengths. In fact, for long wavelengths
the wavefield is marginally affected by the presence of
the scatterers. In the short wavelength limit, ls/d tends
to 1 because the wave fronts are highly directional (this
is the range of validity of ray acoustics approximation)
and ls is approximately given by the average distance
FIG. 12. Non-dimensional scattering mean free path 〈ls〉 (red
circles) and transport mean free path 〈lt〉 (blue stars) versus
the non-dimensional wavelength λ/d. The calculation was
performed for a cluster of rigid cylinders of constant radius
a = 0.2d and filling factor f = 0.1257.
between two neighboring scatterers. Fig. 13 shows a de-
tailed view of the previous curves in the frequency range
corresponding to the first bandgap and within the dif-
fusive regime. The labels A and B indicate the non-
dimensional wavelengths corresponding to the excitation
conditions analyzed in the following sections. Note that
these curves provide the foundation to investigate the
different regimes of propagation and to implement the
renormalization approach.
FIG. 13. Detailed view of the transport parameters in the
range of frequencies corresponding to the first band gap.
1. Renormalization and anomalous diffusion
Fig. 14 shows the acoustic intensity distribution I
along the x axis for the two excitation conditions identi-
8fied by the labels A and B.
FIG. 14. Acoustic intensity versus distance for a monopole
point source at the center of the periodic lattice. (a) semilog-
arithmic and (b) logarithmic scale plot of I corresponding
to a non-dimensional wavelength λ/d = 2.3352 belonging to
the passband. The transport mean free path renormalizes
from the value 〈lt〉/d ≈ 1.211 to the value 〈lt〉/d ≈ 0.32.
(c) semilogarithmic and (d) logarithmic scale plot of I for
a non-dimensional wavelength λ/d = 2.1552 just inside the
bandgap. The transport mean free path renormalizes from
the value 〈lt〉/d ≈ 1.42 to the value 〈lt〉/d ≈ 0.48. In both
cases the system is in the anomalous diffusion regime.
The red circles show the numerical solution obtained
by the FE model and provide a one-dimensional section
of the data in Fig. 9 along the x-axis. The continuous
blue line is the analytical solution of the diffusion equa-
tion Eq. (8) after having rescaled the transport mean
free path. In particular, for excitation wavelengths in
the first passband the value 〈lt〉/d ≈ 1.211 was rescaled
to 〈lt〉/d ≈ 0.32 ± 0.02 (label A∗ in Fig. 13), while for
the first bandgap the value 〈lt〉/d ≈ 1.42 was rescaled to
〈lt〉/d ≈ 0.48± 0.02 (label B∗ in Fig. 13).
These results show that, in order to be able to predict
the numerical data by using the diffusion approximation,
a renormalization of the transport mean free path (and
consequently of the diffusion coefficient) must take place.
The renormalization requires smaller values of the trans-
port parameters which is a clear indication of superdif-
fusive anomalous behavior.
VII. Causes of anomalous diffusion
In the previous sections we showed the occurrence of
anomalous diffusion of acoustic waves in perfectly pe-
riodic square lattices and suggested that the possible
origin of this mechanism is linked to the anisotropy of
the dispersion properties (i.e. to the anisotropy of the
bandgaps).
In this section we will present theoretical and nu-
merical models with the intent of uncovering the phys-
ical mechanism leading to this unexpected propagation
modality. It is anticipated that the occurrence of anoma-
lous diffusion will be connected to the existence of long
range interactions between different directions of propa-
gation governed by either bandpass or stopband behav-
ior. We will use a combination of both deterministic and
stochastic methods in order to quantify the long-range
interactions and to demostrate that they are at the ori-
gin of the macroscopic anomalous diffusion mechanism.
More specifically, we will use a scattering matrix ap-
proach to quantify the interaction between different scat-
terers in different regimes. Then, we will use a dis-
crete random walk diffusion model (which uses probabil-
ity density functions obtained from the scattering model)
to show that, under these assumptions, the anomalous
diffusion process matches well with the numerically pre-
dicted behavior.
A. The scattering matrix
In order to evaluate and quantify the strength of the
interaction between different scatterers in the lattice, we
use a multiple scattering approach based on the multi-
pole expansion method. According to this method, after
applying the Jacobi’s expansion and the Graf’s addition
theorem, the general solution of the wave field can be
expressed as:
p(~rm) =
∞∑
j=−∞
(ei
~k·~Pmeij(pi/2−ψ0)Jj(~rm) +Amj Hj(~rm))+
N∑
n=1,n6=m
∞∑
q=−∞
Aqn
∞∑
j=−∞
Hq−j(kRnm)ei(q−j)ΦnmJj(~rm)
(9)
where ~k represents the wave vector, ψ0 is the angle of
the impinging wave field with respect to the x-axis, ~Pm
is the position vector of the scatterer’s center Om with
respect to the origin O of the system of reference, ~rm
is the position vector of a generic point P with respect
to the scatterer’s center Om, Rnm =
∣∣∣~Pm − ~Pn∣∣∣, Jq(·)
are the Bessel functions of the first kind, Hq(·) are the
Hankel functions of the first kind.
To determine the unknown amplitude coefficients Aqm
the boundary conditions at the surface of the mth cylin-
der must be enforced. The result is a linear set of equa-
tions as follows43–45:
9FIG. 15. Schematic of the generic nth and mth cylinders used
in the multipole expansions method for multiple scattering
Apm + Zp
N∑
n=1,n6=m
∞∑
q=−∞
AqnHq−p(kRnm)e
i(q−p)Φnm =
−Zpei~k·~Pmeip(pi/2−ψ0),
m = 1, ..., N, p = 0,+1,−1, ...
(10)
where Zp = J
′
p(·)/H ′p(·) specifies the Neumann boundary
conditions on the surface of the cylinders. The unknown
amplitude coefficients Aqm can be determined by solving
the infinite system of algebraic equations with inner sum
truncated at some positive integer |q| = Q. The infor-
mation about the relative energy exchange between the
scatterers can be obtained by rearranging Eq. (10) in
matrix form as:
(I − TS)f = Ta (11)
where I is the unit matrix, T is the block diagonal
impedance matrix, the vector f represents the unknown
expansions of scattered waves, and the vector a stands for
the expansion vector of incident waves on all the scat-
tering cylinders. Finally the matrix S is the so called
combined translation matrix that can be expressed as
follows:
S =

0 L12 ... L1N
L21 0 ... L2N
...
...
. . .
...
LN1 LN2 ... 0
 (12)
where the matrix Lnm is defined as follows:
Lnm(q, p) = Hq−p(kRnm)ei(q−p)Φnm . (13)
The matrix Lnm represents the translation matrix be-
tween the nth and the mth cylinder, representing there-
fore the incident wave on the nth cylinder caused by the
scattered wave off the mth cylinder. The elements of
the translation matrix can be obtained from the addition
theorem of cylindrical harmonics also known as Graf’s
theorem.
The generic term Smn quantifies the portion of the
acoustic intensity scattered by the cylinder m capable of
reaching the cylinder n. Equivalently, it represents the
fraction of the acoustic intensity reaching the cylinder n
due to the wave scattered by the cylinder m.
This approach was applied to model both the 1D and
the 2D waveguides. The normalized scattering coeffi-
cients for the 1D waveguide are shown in matrix form in
Fig. 16. Each block of this matrix has a size Q¯ = 2∗Q+1,
where Q is the total number of spherical harmonics used
in the multipole series expansion. The total size of the
matrix is N ∗Q¯, where N is the total number of cylinders
in the cluster. The main diagonal represents the coeffi-
cient Smm, that is the scattering of a given cylinder m
towards itself, and therefore these terms are all zero.
FIG. 16. Scattering matrix for the 1D waveguide. Results
correspond to a filling factor of 0.1257 and a non-dimensional
excitation wavelength λ/d = 2.1552. The scattering cylinders
have a constant radius equal to a = 0.2d, where d indicates
the distance between two neighboring cylinders.
The analysis of Fig. 16 shows, as expected, that in
a 1D waveguide the scatterers only interact with their
closest neighbors. In other terms, there is no evidence of
long-range interaction in 1D periodic waveguides. This
is not surprising because we had already found from the
full-field simulations in Fig. 4(a) that the diffusive trans-
port was following a purely Gaussian distribution (hence
dominated by nearest neighbor interactions).
In a similar way, the analysis can be repeated for the
2D waveguide with square lattice structure. The result-
ing scattering coefficients are shown in Fig. 17. Con-
trarily to the 1D example, this scattering matrix has the
appearance of a tridiagonal matrix that highlights the
substantial interactions between distant neighbors. In
other terms, the rectangular lattice show strong evidence
of long-range interactions. These results provide a first
important observation concerning the cause of anoma-
lous diffusion in periodic rectangular lattice, that is the
anisotropy of the dispersion bands gives rise to long-range
interactions that ultimately alter the diffusion process.
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FIG. 17. Scattering matrix for the 2D waveguide made of
a square lattice of 25 scatterers. Results corresponding to a
filling factor of 0.1257 and a wavelength λ/d = 2.1552.
B. Discrete random walk models: approximate
acoustic intensity
The previous analysis is not yet sufficient to provide
conclusive evidence that the long-range interactions due
to the bandgap anisotropy are the main cause of the
anomalous wave diffusion. In order to identify this fur-
ther logical link, we developed a discrete random walk
(DRW) model capable of simulating the diffusion pro-
cess resulting from the multiple scattering of the acoustic
waves.
The interaction between the different elements of a
DRW model is typically represented by probability den-
sity functions (pdf ). In the following, the pdf s are syn-
thesized based on the coefficients of the scattering ma-
trix. The model can then be numerically solved in order
to predict the approximate acoustic intensity resulting
from the scattered field.
1. 1D discrete random walk model
The DRW model for a 1D waveguide is composed of
a series of boxes (see Fig. 18), each one representing a
scatterer. This model can be seen as the direct discrete
equivalent of the 1D waveguide in Fig. 3. The dots in
each box represent the different acoustic rays impinging
on a given scatterer and being refracted towards different
(scattering) elements. This model follows a ray acoustic
approximation which is a reasonable assumption in the
range of wavelength we have been considering. To sim-
ulate the monopole acoustic source located at the center
of the waveguide, the center box (labeled i) contains a
source term that serves as an omni-directional source of
rays. In the 1D model, the rays emitted from the center
box can be scattered both to the left and to the right
according to the associated pdf synthesized based on the
elements of the scattering matrix.
At every time increment, the rays ”jump” into another
FIG. 18. Schematic of the 1D discrete random walk (DRW)
model used to describe the anomalous diffusion of acoustic
rays in a scattering medium. This is often called a ”box
model”. Every box represents a scatterer, while the dots rep-
resent the impinging acoustic rays that are scattered towards
different boxes according to the selected pdf.
box following a Markovian process and a pdf propor-
tional to the coefficients extracted from the scattering
matrix. The equilibrium condition needed to solve the
DRW model and simulate the evolution of the acoustic
intensity upon scattering is given by imposing the con-
servation of rays:
ni,j+1 = ni,j +
NL∑
k=1
nk,jP (i− k) +
NR∑
k=1
nk,jP (k − i)−
NL∑
k=1
ni,jP (i− k)−
NR∑
k=1
ni,jP (k − i) +Bi
(14)
where i is the box index, j is the time index, n(i, j) is
the number of rays at time i entering the box j (i.e.
impinging on the scatterer j), Bi is the source term, and
NL and NR represent the number of boxes on the left
and right side, respectively.
The previous equation can be rearranged as follows:
ni,j+1 = ni,j +
NL∑
k=1
(nk,j − ni,j)P (i− k)−
NR∑
k=1
(nk,j − ni,j)P (k − i) +Bi.
(15)
The comparison between the intensity distributions ob-
tained with the FE model and by the equivalent 1D DRW
model is given in Fig. 19.
The direct comparison of the results shows a very good
agreement between the two models. Note that the DRW
is a diffusive model therefore the comparison between
the intensity distributions is meaningful only in the tail
region. As expected the tails evolve according to a Gaus-
sian distribution. The comparison with the 1D waveguide
was provided to illustrate the validity of the proposed ap-
proach and to confirm that, under the given assumptions,
the results from the DRW converge to the full-field sim-
ulations.
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FIG. 19. Comparison of the intensity distribution of a1-D
waveguide of scatterers with a monopole acoustic source at
the center obtained with FEM and the equivalent 1-D box
model in (b) semilogarithmic and (c) logarithmic scales.
2. 2D discrete random walk model
The same approach illustrated above for the 1D waveg-
uide can be applied to the analysis of the 2D square lat-
tice. In this case, the DRW model is composed of a 2D
distribution of boxes simulating the scatterers. The in-
teractions between different boxes are again expressed in
terms of pdf s that are synthesized based on the scatter-
ing coefficients obtained from the 2D multipole expansion
model (Fig. 17). The equilibrium condition for the 2D
DRW model is given by:
ni,h,j+1 = ni,h,j+
ND∑
kh=1
NL∑
ki=1
(nki,kh,j − ni,h,j)P (i− ki, h− kh)−
NU∑
kh=1
NR∑
ki=1
(nki,kh,j − ni,h,j)P (ki − i, kh − h) +Bih
(16)
where i and h are the box indices, j is the time index,
n(i, h, j) is the number of particles at time j in the box
(i, h), Bih is the source term and NL, NR, NU and ND
represent the number of boxes on the left, right, up and
down sides, respectively.
The comparison between the intensity distributions ob-
tained by numerical FE simulations and by equivalent 2D
DRW model is reported in Fig. 20.
Also in this case, the DRW model is in very good agree-
ment with the FE simulations and, most important, is
perfectly capable of capturing the anomalous (power-law)
decay of the tails of the distribution. This result pro-
vides the conclusive proof that the anomalous behavior
observed in the square lattice is in fact the result of long-
range (Le´vy flights) interactions due to scattering events
occurring along different directions of propagation that
are characterized by anisotropic dispersion.
FIG. 20. Comparison between the FE and DRW numerical
results of the intensity distribution for a 2D periodic square
lattice of scatterers with a monopole acoustic source at its
center. (a) semilogarithmic and (b) logarithmic scale plot.
VIII. α-stable distributions and fractional diffusion
equation
The renormalization criterion used in section §VI 1
to determine the existence of the anomalous diffusion
regime is theoretically well-grounded but it does not
allow a convenient approach to classify the anomalous
regime. This classification typically requires the anal-
ysis of the time scales involved in the evolution of the
moments of the distribution32. Here we suggest a dif-
ferent approach that, not only provides a more direct
classification based on the available data, but opens new
routes for an analytical treatment of the resulting diffu-
sion problem.
The intensity distributions reported in Fig. 14 suggest
a power-law behavior of the tails. Recent studies4,5,8,46
have shown that, for physical phenomena exhibiting this
characteristic distribution of the field variables, the gov-
erning equations are generalizations to the fractional or-
der of the classical diffusion equation. Power-law distri-
butions, associated with infinite variance random vari-
ables (the so called Le´vy flights), are in the domain of
attraction of α-stable random variables also called Le´vy
stable densities (their properties are summarized in Ap-
pendix ). On the other hand finite-variance random vari-
ables are in the Normal domain of attraction that is a
subset of Le´vy stable densities. This suggests that the
trend of the tails carries information about the α-stable
order of the underlying distribution.
In order to show that this situation occurs also in the
present case, we performed numerical fits of the acoustic
intensity profiles (Fig. 14) using α-stable distributions.
The four parameters defining the α-stable distributions
were obtained by numerically solving a nonlinear opti-
mization problem. The most important parameter is the
characteristic exponent α (also called the index of sta-
bility) that is also connected to the slope of the tails.
For the square lattice distribution, the values of α de-
termined with the optimization procedure are α = 0.89
and α = 0.57 for the passband and bandgap excitation
wavelengths, respectively.
In order to show that the order of the α-stable distribu-
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FIG. 21. Gaussian and α-stable fits of the acoustic inten-
sity versus the non-dimensional distance from the source. (a)
semilogarithmic and (b) logarithmic plot for λ/d = 2.3352.
(c) semilogarithmic and (d) logarithmic plot for λ/d = 2.1552.
tion effectively describes the anomalous diffusive dynam-
ics of the system, we use a generalized fractional diffusion
equation47:
xD
α
θ u(x, t) =t D
β
∗u(x, t) x ∈ R, t ∈ R+ (17)
where α, θ, β are real parameters always restricted as
follows:
0 < α ≤ 2, |θ| ≤ min {α, 2− α} , 0 < β ≤ 2. (18)
In Eq. (17), u = u(x, t) is the field variable, xD
α
θ is
the Riesz-Feller space fractional derivative of order α,
and tD
β
∗ is the Caputo time-fractional derivative of order
β. The fractional operator in this equation exhibits a
non-local behavior which makes it ideally suited to model
dynamical systems dominated by long-range interactions.
Mainardi47 reported the Green’s function for a Cauchy
problem based on the space-time fractional diffusion
equation. The self-similar nature of the solution allows
the application of a similarity method that separates the
solution into a space dependent (the reduced Green’s
function K) and a time dependent term. In our sys-
tem, we use a harmonic (constant amplitude) source and
we analyze the steady state response, that is we con-
sider a self-similar problem. In other terms, the reduced
Green’s function K proposed by Mainardi coincides with
the normalized solution of the forced fractional diffusion
equation governing our problem:
Kαα,β(x) =
1
pix
∞∑
n=1
Γ(1 + αn)
Γ(1 + βn)
sin
[npi
2
(θ − α)
]
(−x−α)n.
(19)
Note that this solution is valid in the case α < β. In
our case, β = 1 to model a space fractional diffusion
equation.
Fig. 22 shows the comparison between the normalized
acoustic intensity from the FE numerical data and the
result from the reduced Green’s function K (Eq. (19))
calculated for the order α obtained by the previous α-
stable fits.
FIG. 22. Comparison of the intensity distribution with the
reduced Green’s function solution of the space-fractional dif-
fusion equation for the non-dimensional wavelength λ/d =
2.3352, in (a) semilogarithmic and (b) logarithmic scales and
the non-dimensional wavelength λ/d = 2.1552, in (c) semilog-
arithmic and (d) logarithmic scales.
The above results clearly show that the fractional dif-
fusion equation is able to capture the heavy-tailed be-
havior of the intensity distribution with good accuracy.
They also confirm that the use of α-stable fits provides a
reliable approach to classify the anomalous behavior and
to extract the corresponding fractional order of the op-
erator. The above numerical results provide also further
confirmation that the observed dynamic behavior from
the full field numerical simulations is in fact dominated
by anomalous diffusion. These results are particularly
relevant if seen in a perspective of developing predictive
capabilities for transport processes in highly inhomoge-
neous systems. As an example, fractional models would
provide an excellent framework for the solution of in-
verse problems in imaging and remote sensing through
highly scattering media. The ability to properly capture
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a mixed transport behavior, such as partially propagat-
ing and diffusive, would allow extracting more informa-
tion from the measured response therefore improving the
sensitivity and resolution of these approaches. From a
broader perspective, this methodology has general ap-
plicability and could be extended to a variety of appli-
cations involving wave-like field transport such as those
mentioned in the introduction.
IX. Conclusions
In this paper, we investigated the scattering behavior
of sound waves in a perfectly periodic acoustic medium
composed of a square lattice of hard cylinders in air.
From a general perspective, the most remarkable result
consists in the observation of the occurrence of anoma-
lous hybrid transport in perfectly periodic lattice struc-
tures without disorder or random properties. This re-
sult is particularly relevant because the anomalous re-
sponse of a scattering system was previously observed
only in systems with either stochastic material or geo-
metric properties. By using a combination of theoretical
and numerical models, both deterministic and stochastic,
it was determined that the existence of long-range inter-
actions associated with the anisotropy of the dispersion
bands was the driving factor leading to the occurrence
of the anomalous transport behavior. The resulting dif-
fused intensity fields were characterized by heavy-tails
with marked asymptotic power-law decay, that were well
described by α-stable distributions. It was also shown
that the α-stable nature of the dynamic response pro-
vided a reliable approach for the classification and char-
acterization of the non-local effect via the intrinsic pa-
rameters of α-stable distributions.
Observing that α-stable distributions represent the
fundamental kernel for the solutions of fractional contin-
uum models, we showed that a space fractional diffusion
equation having the order predicted by the α-stable fit of
the acoustic intensity was capable of capturing very accu-
rately the characteristic features of the anomalous trans-
port process. From a general perspective, this approach
can be interpreted as a fractional order homogenization
of the periodic medium which is capable of mapping the
complex inhomogeneous system to a (fractional) govern-
ing equation that still accepts an analytical solution.
This latter characteristic is particularly remarkable if
seen from a practical application perspective because it
could open the way to accurate and non-iterative in-
verse problems that play a critical role in remote sens-
ing, imaging, and material design, just to name a few.
Another key observation concerns the strong deviation
of the tails of the acoustic intensity from the Gaussian
distribution which highlights that much information is
still contained in the tails. This aspect is particularly
relevant for imaging and sensing in scattering media be-
cause traditional analytical methodologies typically as-
sume a Gaussian distribution of the measured intensity
field hence leading to two main drawbacks: 1) the loss of
important information about the internal structure of the
medium which is contained in the tails, and 2) the lack
of a proper model capable of extracting and interpreting
this information from measured data.
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. Appendix A
This appendix summarizes some basic properties of the
α-stable distributions that have been used to analyze and
interpret the simulation data in the paper. The family of
α-stable distributions are defined by the Fourier trans-
form of their characteristics functions ψ(w) that can be
written in the explicit form as48,49:
ψ(w) = exp {iµw − γ |w|αBw,α} (A.1)
Bw,α =
{ [
1 + iβ sgn(w) tan αpi2
]
α 6= 1[
1 + iβ sgn(w) 2pi log |w|
]
α = 1
where 0 < α ≤ 2, −1 ≤ β ≤ 1, γ > 0, and −∞ <
µ < ∞. The parameters α, β, γ and µ uniquely and
completely identify the stable distribution.
1. The parameter α is the characteristic exponent, or
the stability parameter, and it defines the degree of
impulsiveness of the distribution. As α decreases
the level of impulsiveness of the distribution in-
creases. For α = 2 we recover the Gaussian distri-
bution. A particular case is obtained for α = 1 and
β = 0 that corresponds to the Cauchy distribution.
For α /∈ (0, 2] the inverse Fourier transform ψ(w)
is not positive-definite and hence is not a proper
probability density function.
2. The parameter β is the symmetry, or skewness pa-
rameter, and determines the skewness of the dis-
tribution. Symmetric distributions have β = 0,
whereas β = 1 and β = −1 correspond to com-
pletely skewed distributions.
3. The parameter γ is the scale parameter. It is a
measure of the spread of the samples from a distri-
bution around the mean.
4. The parameter µ is the location parameter and cor-
responds to a shift in the x-axis of the pdf. For a
symmetric (β = 0) distribution, µ is the mean when
1 < α ≤ 2 and the median when 0 < α ≤ 1.
The characteristic functions described in Eq. (A.1) are
equivalent to a probability density function and do not
have analytical solutions except for few special cases.
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The main feature of these characteristic functions is the
presence of heavy-tails when compared to a Gaussian dis-
tribution. The probability density functions with tails
heavier than Gaussian are also denoted as impulsive. An
impulsive process is characterized by the presence of large
values that significantly deviates from the mean value of
the distribution with non-negligible probability. In this
sense the α-stable distribution represents a generalization
of the Gaussian distribution that allows to model impul-
sive processes by using only four parameters instead of an
infinite number of moments. The possibility of describ-
ing the distribution of particles in anomalous diffusion
phenomena by using α-stable distributions has numerous
advantages: 1) many methods exist to perform statistical
inference on α-stable environments50,51, 2) these distri-
butions are simple because they are completely charac-
terized by only four parameters, 3) the use of α-stable
distributions finds a theoretical justification in the fact
that they satisfy the generalized central limit theorem
which states that the limit distribution on infinitely many
i.i.d. random variables, is a stable distribution, 4) they
include the Gaussian distribution as a particular case for
a specific set of parameters. These distributions are sta-
ble since the output of a linear system in response to
α-stable inputs is again α-stable.
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